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1. INTRODUCTION 
Liineburg [12] has given the only known examples of nondesarguesian 
finite translation planes with collineation groups doubly transitive on the 
points at infinity. These planes have order $’ = 22d, d > 1 and admit a 
collineation group isomorphic to Sz(q), the Suzuki group of order 
$(q2 + l)(q - 1). It would be interesting to classify all finite translation 
planes with collineation groups doubly transitive on the points at infinity. 
The main theorem in this paper is a step in the direction of such a classi- 
fication. The result we obtain is: 
THEOREM 1. Let Ii’ be a nondesavguesian translation plane with collineation 
group G doubly transitive on the points at infkity. Assume that for all m E G 
such that CJ has order two on the points at infinity, u does not fix more than two 
points at injkity. Then, ;f the order of II is not 83, II is a Liineburg plane [ 121 of 
order q2, q = 2d, d > 1, and G possesses a subgroup H isomorphic to Sz(q), 
with H acting faithfully on the points at in$nity. 
If the order of if is g3 the possibility exists that G possesses a subgroup H 
doubly transitive on the points at infinity with H s PSU(3, 8). It is unknown 
to the author whether such a plane exists or not. 
The author has been informed that there is some duplication between 
this paper and results of Ralph-Hard0 Schulz “Uber Translationsebenen 
mit Kollineationsgruppen die die Punkte der aus gezeichneten Geraden 
zweifach transitiv permutieren” [14]. Schulz adopts a weaker hypothesis. 
He assumes double transitivity on the line at infinity, but the only other 
assumption is that G possesses no Baer involutions if II has order n = m2, 
m E 1 mod(4). However, he is unable to exclude the possibility of G 
possessing a subgroup isomorphic to PSU(3, q), q a square power of 2, n of 
order q3. In this paper, this possibility is shown not to exist. In this case, the 
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hypothesis of the two papers are the same. For one can show that a 
collineation of order two on the line at infinity has order two on all of n and 
hence is either an elation or a Baer involution. One can show elations of 
order two exist and in this case Hering has shown G possesses a normal 
subgroup isomorphic to PSU(3, 4). 
The proof uses the deep group theoretical results of Bender [2,3] and 
Hering [lo]. These results are a classification of doubly transitive permutation 
groups in which no element of order 2 fixes more than 2 points. It seems 
worthwhile noting however that the results of Bender and Hering would be 
somewhat simplified in the special case that we are considering, i.e., that the 
permutation group is also acting on a translation plane and in particular 
has degree pn + 1 for some prime p. 
A translation plane can be coordinatized by a Veblen-Wedderburn system 
[8; Theorem 20.4.6, p. 3621, and in Section 3 we show that a number of 
collineations of the plane can be described rather simply in terms of this 
system. Using these rather explicit descriptions of collineations of the plane, 
along with the results of Bender and Hering, we derive Theorem 1 in 
Section 4. 
2. DEFINITIONS AND NOTATION 
The definition of a projective plane II is given in [8; p. 3461. A collineation 
CJ of II is a permutation of the points and lines of II such that if point P is on 
line L, then (P)u is on (L)o. 
An elation is a collineation of Ii’ fixing all the points of some line L of 17 
and no other points of II. L is called the axis of CT. There is a point P of L 
such that (T fixes all the lines thru P. P is called the center of 0. A homology 
is a collineation of I;T fixing all the points of some line L, and exactly one 
other point P not on L. L is called the axis of the homology and P the center. 
II is a translation plane if there is some line L of 17 such that the set of 
elations of II with axis L form a group transitive on the points of Ii’ not on L. 
Throughout this paper 17 will be a translation plane and L will denote this 
fixed line. 
A translation plane can be coordinatized by a Veblen-Wedderburn system 
[S; Theorem 20.4.6, p. 3621. A Veblen-Wedderburn system is a system with 
two operations + and . for which the following properties hold: 
(1) addition is an abelian group, 
(2) multiplication (excluding 0) is a loop, 
(3) (a + b)m = am + bm for all a, b, m E R, 
(4) if r # s, XT = xs + t has a unique solution x. 
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Points not on L are represented by coordinates (a, b), a, b E R. Points on L 
are represented with coordinates (m), m E R. Lines are the sets of points 
whose coordinates satisfy y = xm + b, m, b fixed or x = c, c E R. The point 
(m) is included on the line y = xm + b, and (00) is included on x = c. 
Given points p and 4, [p, q] will represent the line thru p and q. The line 
[(m), (0, b)] has equation y = xm + b. Lines thru (co) have equation 
x = c, CER. 
G = GL(2, p) is the group of all nonsingular 2 x 2 matrices written over 
the field with q elements. S = SL(2, q) is the subgroup of elements of G 
having determinant 1. PSL(2, q) is the image of the cannonical map of S onto 
S/Z(S), Z(S) the center of S. Sx(q) is the Suzuki group and PSU(3, q) is the 
projective unitary group. For definitions of these groups see [7], [ 151, and [ 161. 
We use the following notation: 
GF(q) : the finite field of q elements 
V(rz, q) : the vector space of dimension 71 over the field with q elements. 
yx = x-lyx = the conjugate of y under x, 
1 G 1 = order of the group G, 
Z(G) = center of G, 
H~G:HisnormalinG. 
(a, b) : the greatest common divisor of a and b. 
I, : the 11 x n identity matrix. 
An elementary abelian group is a commutative group all of whose elements 
have a fixed order p, p a prime. 
3. ALGEBRAIC DESCRIPTIONS OF CERTAIN COLLINEATIONS OF L! 
Let R be the Veblen-Wedderburn system coordinatizing Il. By (3) $2 
(a + b)s = us + bs, for all a, 6, s E R. Thus under multiplication s acts as 
a homomorphism on the additive group R+. s must actually act as an 
isomorphism. For xs = 0 is impossible since multiplication in R (excluding 
0) is a loop. 
The set of all these isomorphisms is transitive on the nonzero elements of 
R+ since for any x # 0, the isomorphism ( y)x = y . x sends I onto x. Since 
R is finite and isomorphisms preserve order, all elements (#O) of R must 
have prime order p. By (I) $2 R must be an elementary abelian group. 
1 R 1 = p” for some n and pn is the order of the plane II. 
R+ is isomorphic to V(n, p). Under multiplication on R+, s # 0 acts as a 
linear transformation. We cannot have xs = x, ifs # 1, x # 0. For by (2) 52 
multiplication is a loop and xs = x implies xs = xl. But xs = x . 1 has the 
solution x = 0 and by (4) $2 this is the only solution. Thus as a linear 
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transformation s is fixed point free. If r # s, we cannot have XT = xs if 
x + 0. For x = 0 is one solution of this equation and again by (4) 92, it is 
the only solution. Thus the linear transformation ST-~ is also fixed point free. 
One can easily show there is a 1 - 1 correspondence between translation 
planes of order pn and sets S of p n - 2 fixed point free linear transformations 
on V(n, p), such that if Y, s E S, r # s then ST-l is also fixed point free. 
The group E of elations of II fixing L pointwise, form a normal subgroup 
of the group C of collineations of n fixing L. Since E is transitive on the points 
of 17 off L, C = GE where G is the group of collineations of II fixing L and 
the point (0, 0). E is elementary abelian of order p21z, [8; Theorem 20.4.3, 
p. 3591. Thus we can completely determine the structure of C once we 
determine the structure of G. Thus the collineations we will be studying 
will fix the point (0,O). 
Our first result is the following 
LEMMA 1. Let o be a collineation of I7 fixing L, (00) and (0,O). Let OL be 
the permutation of R such that (0, y)u = (0, ( y)c~). Then (y. is a linear trans- 
formation on R+. 
Proof. 
. 
The proof 1s immediate from Andre’s characterization of trans- 
lation planes [I]. 01 is semilinear over the kern. The y-axis is an invariant 
subspace of 01, as 01 is a linear transformation on R+ considered as a vector 
space over GF(p). 
Lower case letters will represent elements of R. The corresponding 
capital letters will represent the linear transformations of R+ under multi- 
plication by nonzero elements of R. Capital letters are also used to represent 
lines, but no confusion should arise between the two uses. 
LEMMA 2. Let u be a collineation of II Jixing L, (co) and (0,O). Let 01 be 
the permutation of R such that (0, y)u = (0, (~)a). If (c) is a point on L with 
(C)U = (d), and 
(a) if a and b are such that (a)o = (0), (0)~ = (b), a # 0, b # 0, 
then as linear transformations on R+ D = B - Bol-lAplCol, 
(b) ;f (0)~ = (0) and a is such that (a)u = (1) then D = or-lA-lCol, 
(c) if (0)~ = 0 and (1)~ = 1 then D = c~-~C’ol. 
Proof. Assume (0)~ = (b) # (0), (a)u = (0) # (a). Let K = [(0), (0, y)], 
M = [(a), (0, 0)] and (x, y) = K n M so thaty = xu. Let N = [(0), (0, 0)], 
R = [(b), (0, (~)a)]. Ku = R, Mu = N. So (x, xa)u = (z, w) = R n N. 
Since (a, w) is on N, w = 0. Since (z, w) is on R, 0 = w = zb + ( y)a = 
zb + (xu)~. Thus zb = -(XU)U and 
z = -(xA) olB-l. (1) 
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Let S = [(c), (0, O)]. Let x be as before. Let 
I.4 = xc. (2) 
Let T = [(0), (0, u)] so that (x, u) = S n T. 
Let U = [(d), (0, 0)], V = [(b), (0, (~)a)]. Let (x, U)G = (x, V) = U n V. 
Here z is as in (1) since cr fixes (CO). (z, a) is on U so v = zd. (z, v) is on V 
so w = zb + (u)~ = zb + (XC)(Y using (2). Thus v = zd = zb + (a)~ 
Using (1) we obtain --(.A) cv&lD = -(xA) &-1 . B + (xC)(Y. This holds 
for all x so in terms of linear transformations we have --Act&ID = 
-AotB-IB + Ca: and this can be written as 
D = B - Ba-lA~Gx proving (a). 
Now assume (0)~ = (0), and a is such that (a)~ = 1. Let L = [(a), (Oj O)], 
M = [(0), (0, y)] and let (x, y) = L n M, withy = xa. Let N = [(I), (0, 0)], 
R = [(Oh (0, ( rb)I so that (x9 Y) u - - ( z, w) = R n N. Since (z, w) is on R, 
w = (y)01. Since (z, w) is on N, w = z. Using xa = y, we have 
(Xi+ = z. (3) 
Now let S = [(c), (0, 0)], T = [(0), (0, y)] and (x, y) = S n T, with x 
as before, so that 
y = xc. (4) 
Let U = [(d), (0, O)l, v = [CO), (0, ( yb)l. @,~)a = (x, 4 = U n K 
where again z is as in (3) since (co)0 = (co). Since (z, w) lies on U, w = zd. 
Since (a, w) lies on V, w = ( y)” and ( y)a = zd. From (3) and (4) 
(xc)~ = (xu) ad. This holds for all x so that in terms of linear transformations 
Ca = AaD. This can be written as oi-lA-%ol = D, proving (b). (c) is just 
the special case a = 1. This proves the lemma. 
We can use Lemma 2, part (c), to show that if a collineation cs has order 2 
on L and if v fixes more than two points on L, then the order of II is a square. 
To begin with we can choose our coordinate axis so that 0 fixes (CO), (0), 
and (I), and since n is a translation plane we can assume (J fixes (0,O). 
Let us first assume that the order of the plane is 2” for some n. If (T has 
order 2 on L, then we can assume D has order a power of 2. us fixes L pointwise 
and hence is an homology or I. If a2 is an homology its order divides 2” - 1. 
But 2” - 1 is odd and u2 has order a power of 2. Thus u2 = 1. c cannot 
be an elation since it fixes three but not all the points of L. Thus by [8; 
Theorem 20.9.7, p. 4051 17 possesses a square root subplane. 
Now assume that the order of the plane is p”, p an odd prime. If u2 = 1, 
IT possesses a square root subplane and hence the order of II is a square. 
Thus we can assume u2 is an homology. 
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By Lemma 2(c), (m)u = (m’) only if AZ’ = ct-lMol for some 01. The action 
of 012 on R is the same as some element a in the kern K of R. Let r be the 
dimension of R over K. From now on we view R as being a vector space over 
K. 01~ possesses a matrix of the form a1r . We can diagonalize a matrix of 01 
(extending the ground field if necessary) so that a matrix of cy has the form 
where 7 is a scalar such that v2 = a, k + m = Y. Neither K nor m can be 0, 
since then 01 would centralize each linear transformation M corresponding 
to each m E R. This would imply that u fixes every point on L. 
If X is any matrix such that 
Xcx’ = --a’X, (5) 
it is easily seen that X is of the form 
x= O F [ 1 G 0' 
where F is a k x m matrix and G is an m x k matrix. If m # k, then X must 
be singular. Now suppose (m) is not a fixed point of (T and (m)o = m’. 
a-lMol = M’, M # M’, and cu+(ol-lMa - M), = -((u-lM~ - M), since 
01-~iMa~ = M for all M. Thus we see that some matrix of &Ma - M 
satisfies (5). However, ol+Mcu - M = M’ - M is nonsingular. For if 
x # 0, x E R, and x(M’ - M) = 0, then xM’ = xM and xm’ = xm, 
which is impossible if m’ # m. Clearly all matrices of &Ma - M are 
nonsingular and so k = m. k + m = r = 2k, r 1 n, and hence n is even and 
the order of n is a square. 
We thus have the following: 
THEOREM 2. If a translation plane II has a collineation 0 having order 2 
on the points of the line at in$nity and$xing more than two of these points, then 
the order of II is a square. 
COROLLARY. If Ii’ is nondesarguesian translation plane with collineation 
group G doubly transitive on the points at infinity then the order of II is a square. 
Proof. Let u E G such that cr has order 2 on L, the line at infinity. If 
every such u fixes at most two points the corollary follows from Theorem 1. 
If u fixes more than two points, the corollary follows from Theorem 2. 
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4. THE STRUCTURE OF G 
Doubly transitive permutation groups in which the involutions do not fix 
more than two points have been classified by Bender [2, 31 and Hering [lo]. 
Their results can be stated as follows: 
Let G be a doubly transitive permutation group such that no involution 
fixes more than two points. Then 
(a) if every involution in G fixes 0 points, then G is solvable or G 
possesses a normal subgroup isomorphic to PSL(2,q) q the power of a prime, 
q + 1 the degree of G [2]; 
(b) if every involution in G fixes exactly 1 point then G possesses a 
transitive normal subgroup of odd order, or a normal subgroup isomorphic 
to PSL(2, q), &s(q) or PSU(3, q), q a power of 2, G of degree q + 1, q2 + I, 
or q3 + 1, respectively [3]; 
(c) if G possesses involutions fixing two points but not more than two 
points then G possesses a subgroup isomorphic to PSL(2, q), q the power 
of a prime, q + 1 the degree of G, or G is of degree 6 and G z A, [lo]. 
From the above we get the following, 
THEOREM 3. If I7 possesses a collineation group G jixing (0, 0), and doubly 
transitive on the points at injinity, and if G possesses no element a of order 2 on 
the points at injnity such that u jixes more than two of these points, then G 
possesses a subgroup H with H doubly transitive on L and having a factor group 
isomorphic to one of the following: 
(1) Sz(q), q a power of 2, q2 the order of Ill, 
(2) PSU(3, q), q a power of 2, q3 the order of IT, 
(3) PSL(2, q), q a power of some prime q the order of II, 
(4) 4 y 
(5) a solvable group. 
Proof. All these cases are clear except perhaps for (5). Assume that in 
(b), G possesses a transitive normal subgroup N of odd order. N is solvable, 
[6], and since G is doubly transitive, N possesses a transitive normal elemenj 
tary abelian subgroup M such that 1 M / = q” for some prime q and qM 
equals the degree of the permutation group G. Since G acts on a translation 
plane, the degree of G is 2” + 1 for some n. So q” = 2” + 1. Thus 4 is a 
Fermat prime and either k = 1, or k = 2 and q = 3 [lo, p. 1531. If k = 1; 
M is cyclic and G/M is isomorphic to a group of automorphisms of M and 
hence G is solvable. If k = 2, q = 3, GIN is isomorphic to a subgroup of 
SL(2,3) and since SL(2, 3) is solvable, G is solvable. 
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Our next problem is to determine if the cases listed in Theorem 3 can 
actually arise. We handle these cases with a series of lemmas. The results of 
these lemmas constitute a proof of Theorem 1. 
LEMMA 3. In case (1) of Theorem 3 II exists ;f and only if II is a Liineburg 
plane [12]. In this case H is isomorphic to G(q) and II has order q2. 
Now assume that (2) holds. We will show that this case cannot occur. 
We will concentrate our attention on the stabilizer of a point in the doubly 
transitive permutation representation of PSU(3, q). We essentially have to 
find a representation of this stabilizer that acts on the matrices of the elements 
of R is a way prescribed by Lemma 2. We will show that such a representation 
does not exist. 
If X is any collineation group of 17 (or 01 any collineation), let X (or &) 
represent the action of X (or a) on L, the line at infinity. Let G be a group 
of collineations of 17 such that G is isomorphic to PSU(3, q). Let H be the 
subgroup of G fixing (CO). From [7, p. 466, and 31, we see that H has the 
following properties: 
/R1=q3(q2--1)/d where d=l if q+---lmod3 and d=3 if 
q = - 1 mod 3. R has a normal Sylow 2-subgroup s of order q3, S regular 
on the points of L - (co). 3 has an elementary abelian center c of order q. 
Ifs E S - C, then s has order 4. I-ii has a cyclic subgroup %? of order (q2 - 1)/d, 
fixing exactly two points such that if m is the subgroup of iC of order q - 1, 
then MS is a Frobenius group. If m is the subgroup of if of order q + l/d, 
then m is the stabilizer of three points and m centralizes e. All the elements 
(#I ) in c are conjugate under the action of the subgroup of K of order 
(4 - 1). 
Let CJ E H, CJ of order 2 on L. us fixes L pointwise and fixes (0, 0), and so ua 
must be a homology or the identity. We can assume the order of (T is a power 
of 2, and hence assume a2 has order a power of 2. However, the order of a 
homology divides q3 - 1 = 23k - I which is odd. Thus, we can assume 
a2 = 1. CJ fixes only (co) on L and fixes (0, 0), and thus o is an elation fixing 
[( oo), (0, 0)] pointwise. 
Assume now that o E H such that g has order 4 on L. 0 cannot fix [co, (0, 0)] 
pointwise since then it would be an elation. However, from the dual of 
[8; Theorem 20.4.3, p. 3591, every elation having center (co) must be of 
prime order 2. Thus all elements of order 4 act nontrivially on [x), (0, O)]. 
Let K be a subgroup of H such that 1 i( 1 = (q2 - 1)/d, and such that K 
fixes the points (00) and (0). We can assume K is cyclic, and we let (T be a 
collineation of Ii’such that (u) = K. Using Lemma 2(b), we have (m)u = (m’) 
only if 
S-lA-lMS = M’ (6) 
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for some A and S. ma-l has order (q + 1)/d on L and fixes more than two 
points on L. We can assume that one of these fixed points is (I), and from (6) 
it follows that 
(a-1A-1)“~1 gn-1 = 1. (7) 
Let OL = 84-i. It is clear that (q + 1)/d 1 ( e 1. 6 centralizes CL and (7) implies 
that (a-lA-1)~~1 = a-‘“-1’ = o1-1 so that A also centralizes 0~. Let Q be the 
subgroup of (u) of order (q + 1)/d. Let p E Q such that / p 1 is prime. 
(/ p 1, q3 - 1) = 1, so p fixes three or more points on the line x = 0. p fixes 
q + 1 points at infinity, and so it fixes a subplane D,, of II, of order q, Any 
element of Q acts as a central collineation on n,, , since Q fixes the points at 
infinity of fl, . Central collineations of fl, have order dividing q or q - 1. 
Since / Q 1 = (q + 1)/d, Q-acts as the identity on D, . The action of Q as 
a group of linear transformations on the line x = 0 (Lemma I) is completely 
reducible over GF( p), and thus we can assume Q fixes two subspaces V, and 
V, of the line x = 0 such that dim Vi = 2k, and dim V, = k, with Q 
acting as the identity on V, (recall q = 2”). Q is irreducible on Vi unless 
(q + 1)/d = 3. For if Q were reducible it would fix a subspace U, of 
dimension i say of Vi . We can assume i < R for the representation of Q on 
Vi is completely reducible over GF(p) and either i < k, or 2R - i < k. 
Q is fixed point free on U since the points of II,, are the only points fixed by 
elements of Q. Thus we have to have (2” + 1)/d 1 2i - 1 and since i < R, and 
d = 1 or 3, we get R = 3, i = 2, and q = 23 = 8. Thus, q + I/d = 3. 
Let 5 generate a subgroup of x01), such that I([)1 = (q + 1)/d, and such that 
[ represents the action of Q on x = 0. If q + I # 9, ([) is irreducible on Vr 
and fixes Va pointwise, 6 and A centralize 01 and hence 6. It is easily seen that 
because of the dimensions of Vi and V, and the irreducibility of 6 on Vi , 
that 6 and A fix Vi and V, . Since 4 is irreducible on V, , it generates a field 
F under addition and multiplication. /F 1 = q2. Let Si and A, be the restric- 
tions of S and A, respectively, to Vi . 6, and A, centralize F and hence are 
elements of F, and thus 6, and A, centralize each other. Thus A and 6 
commute on Vi. From (7) (S;lA;l)g-l 841-l = I and this implies 
&;‘a-l’J’4-1’ (y-1 = 1 
the fact that &-l)ld fs 
so that A:-’ = I. Using the conditions on d and 
an ((0, 0), L) h omology we see that SFZ-l)‘d = I; 
and since &-1)/d represents the action on x = 0 of &lid, we have 
1 (T I = (q2 - 1)/d and 1 pi / = (q + 1)/d. 
The elations of H with axis x = 0 are all conjugate under the action of 
y = &+i)ld. We can assume some elation 71 is such that (m)~ = (rrz + 1). 
Let p = S(gfl)ld and let B be such that p-l&l = (~?-~A-~)(q+l)/~. (m)y = (m’) 
only if p-1B-1Mp = M’. Consider y-$yi. We have (m)y-$yi = (m’) 
only if M’ = M + (p-lB-l)i pi. TV and B commute on Vi and fix I’, . They 
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also have order dividing Q - 1 on Vi . Thus the matrices of (~-lB-l)~ pd 
can be written in the form 
(8) 
where p and v are K x K matrices, and p has order dividing 2 - 1. If 
(m)~ = (m + e) is an elation in H, we can assume a matrix of e is of the form 
(8). There are 4 - 1 elations and the matrices [g i] are simply the nonzero 
elements in the subfield of order 4 contained in field of order q2. 
Letting 7 be as above, if p has order 4 on L and fixes (co), then /3~ = $3 
on L. Using Lemma 2(a) we have (m)/3 = (m’) only if 
-DT-lc-lMT + D = M’, (9) 
for some C, D, and 7. Using the fact that /3~ = $I on L we obtain the equation 
- D7-p1C-% + D = I + D so that -DT-~ = 7-Y. This simplifies (9) so 
that M’ = T-~MT + D. pz is an elation with axis x = 0. This implies that 
TV = I and that TOT + D has a matrix as in (8). 
Let U be a subgroup of H such that 1 0 1 = q3(q + 1)/d with 0 containing 
a normal subgroup of order q3 normalized by a cyclic subgroup of order 
(4 + 1)/d. The kernal X of the homomorphism mapping U onto u, is a 
group of homologies and so 1 X ( 1 q3 - 1. Thus (I u 1, 1 Xl) = 1. By 
[7; Theorem 2.1, p. 2211, U possesses a subgroup of order q3(q + 1)/d. Thus 
we will assume U = i7. Let S be the subgroup of U of order q3, S as before. 
We have seen S contains a subgroup of elations of order q having the line 
x = 0 as axis. We have also seen that the elements of order four in S do not 
act trivially on x = 0. Thus the order of S as it acts on x = 0 is $. This 
implies that the set of T’s in the previous paragraph form a group T of order 
q2. We can also assume the subgroup of order (q + 1)/d in U is contained in 
K, K as above. Let 01 = Sg-l, 6 as in (6). a, a linear transformation on X = 0, 
normalizes T, also a group of linear transformations on X = 0. For con- 
venience let us call the line x = 0, simply V. 
As is well known [7; Lemma 6.3, p. 311, there is some ZI E P, v # 0, such 
that v is fixed by T. Let p E S of order four and E in S with E of order two. 
Let (m)~ = m + e, e E R. p centralizes E and from this one can show that the 
mapping 7 on x = 0, corresponding to p, centralizes the linear transformation 
E representing the action of e on R under multiplication on the right. Every 
element of T centralizes E and hence fixes vE. We have seen E is fixed point 
free. There are 4 - 1 such E corresponding to elations with axis x = 0. 
Thus we see T fixes pointwise a subspace W of V with dim(W) >, k, (q = 2k). 
Let w E W. Assume wo1 # w. If cy-%oli = T’, 7’ E T, then O.&T = WT’d = 
WC&. Thus T fixes woli for all i. We can assume the space spanned by the W& 
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is Vi , V, as before, dim Vl = 2k. Every 7 E T fixes Vi so W > Vi . In this 
case, we can assume all the T’S have matrices of the form 
I 0 0 
[ I 
0 I 0, (10) 
ABC 
where I = 1, and A, B, C are k x k matrices over GF( p). 
If WOL = w for all w E W, then since dim W > k, we have W = V, , 
where V, is as before, and dim V, = k. We recall that the subgroup of order 
q + I/d generates a field of order q2 - 1 on V/V, . This field of matrices 
does not normalize any group of order a power of 2 acting on V/V, . Thus 
the action of T on V/V, must be the identity. In this case we can assume all 
the elements of T can be represented by matrices of the form 
I A 
L I 
I B, (11) 
c 
with I = 1, and A, B, C, k x k matrices over GF( p). There must be a 
matrix of ~-07 + D of the form given in (8). This however is impossible. 
For let D have the matrix 
where all submatrices are k 
70~ + D is of the form 
E F G [ 1 H J K, (12) L MN 
x k. Let 7 be as in (10). It is easily seen that 
G.A G+B 0 
A and B as in (10). Comparing this with (8), we see that GA and KB are 
nonsingular and hence, G, A, K, and B are nonsingular. Also, GB must be 
the 0 matrix, and this is impossible if G and B are nonsingular. Note that we 
have not disproved the existence of a representation of H, but simply have 
shown that matrices of this representation do not lead to matrices TOT + D 
of the proper form. 
A similar argument holds if 7 is of the form (11). We come to the conclusion 
that the doubly transitive permutation representation of PSU(3, q) of degree 
qa + 1, cannot represent the action of a collineation group on the line at 
infinity of a translation plane if q # 8. 
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We have thus proved the following lemma: 
LEMMA 4. Case (2) in Theorem 3 cannot OCCUT ;f q # 8. 
We now prove 
LEMMA 5. If II satisfies the conditions of Theorem 3 case (3), then Ill is 
desarguesian. 
Proof. Assume (3) holds. The action of the collineation group of n on L 
possesses a subgroup H with H, isomorphic to PSL(2, q), [5, Chap. XII, 
p. 2601, q = pk for some prime p. As is well known, a Sylow p-subgroup S 
of H is elementary abelian of order p k. In the doubly transitive permutation 
representation of PSL(2, q) of degree pk + 1, S fixes one point, and is 
transitive and regular on the remaining points. Let K be a group of 
collineations acting as a transitive and regular elementary abelian p-group 
on L - {(co)}, KC G. Let M be the subgroup of K fixing L pointwise, 
M Q K. M fixes (0,O) and so M is a group of homologies. Thus 
1Mlj(p”-l) and (IMI,\K/MI)=l. Thus K possesses a Sylow 
p-subgroup P with ( P 1 = pk. P acts as a transitive and regular eIementary 
abelian group on L - {(a)} and since / P 1 = pk, P must be an elementary 
abelian group. 
Another well known fact about PSL(2, q) is that the nonidentity elements 
of an elementary abelian Sylow p-subgroup of PSL(2, q) belong to exactly 
two distinct conjugacy classes, with given elements u and u-l in distinct 
classes. Consider the action of P on the line [(co), (0, O)]. Because of the 
above remark, all the nonidentity elements of P fix the same number of 
elements of [(oo), (0, O)]. Suppose this number is h, We can show h = pk + 1. 
We know h >, 2. We have a representation T of P on [(co), (0, O)]. Let the 
multiplicity of the identity representation of P in T be m. Then using 
character theory [8; Theorem 16.6.6, p. 2721 
m’pk=(pk+l)+(pk-l).h, 
m and h integers. This implies m . pk - pk - pk . h = 1 - h. Thus JP 
divides 1 - h. Since 0 > 1 - h 3 -pk, we have 1 - h = -pk and 
h = 1 + pk. Thus all the elements of P# are elations. 
Because of the transitivity of the collineation group on L, we see that for 
every point (m) on L and every line M thru (m), the collineation group 
possesses an elementary abelian subgroup of elations with center (m) and 
axis M. The subgroup is of order pk, and is transitive on M - {(m)}. The 
dual of 17 possesses a point P such that the plane is a translation plane with 
respect to every line K thru P. It is well known [8; Theorem 20.5.3 p. 370, 
48d22/3-3 
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Theorem 20.6.2 p. 3761 that this dual must be desarguesian. Thus Ii’ is 
desarguesian. 
LEMMA 6. In case 4 of Theorem 3, II is desarguesian: 
Proof. The order of I7 is 5, and so II is desarguesian. 
LEMMA 7. In case 5 of Theorem 3, II is desarguesian. 
Proof. Since the action of H on L is a solvable group, the number of 
points on L must be a power of a prime say qk. However, if the order of the 
plane is p”, we have pn + 1 = qk. 
If q = 2 then p is a Mersenne prime and n = 1 [IO, p. 1531. In this case 
we have a translation plane of prime order. There are exactly p - 2 distinct 
fixed point free linear transformations of R+. Thus there can be only one 
translation plane of prime order, namely the desarguesian plane. 
If p = 2, then q is a Fermat prime. k = 1 or k = 2 and q = 3. In the 
latter case the order of II is 8, and hence Ii’ is desarguesian [9]. 
Thus, we can assume p = 2 and k = 1. Using the technique of [13] we 
can show again n is desarguesian. H contains a subgroup N of order q, 
transitive on L. The subgroup K of order 2” fixing (co) acts faithfully as an 
automorphism group on N and hence must be cyclic. Thus K contains an 
elation u with axis [(co), (0, O)]. Ag ain because of the double transitivity of 
H, given any point (a) on L, there is an elation of II with center (a) and axis 
[(0, 0), (a)]. Let 0 and j3 be two such elations with (J fixing (co) and p fixing 
(0), o2 = 1 = /3”. Assume (a)v = (0), (0)~ = (a). Using arguments similar 
to those of Lemma 2, one can show that (x, y)o = (x, xa + y). Let 
(co)/3 = (I), (l)fl = (co). One can show (x, y)/3 = (x + y, y). We can 
assume u/I has order q on L, and hence that it is transitive on the lines thru 
(0,O). Consider the images of these lines under up. First of all the line x = 0 
is mapped onto the line y = x. Suppose the line y = xc is mapped onto 
the line y = xd and in particular that it is not mapped onto the line x = 0. 
Since (x, xc)+ = (x + xa + xc, xa + xc), it follows I + A + C # 0 and 
D = (1 + A + C)-l (A + C). (13) 
We want to show that for every d, the corresponding matrix D is a polynomial 
in A over Gf;(p). From (13), we see that D is a polynomial in A if C is, 
and if (1 + A + C)-l is. If C is a polynomial in A, then 1 + A + C is. 
Let g(A) be any polynomial in A that is nonsingular. If f (x) is the minimal 
polynomial of A so that f (A) = 0, then g(x) and f (x) do not have any factors 
in common since the factors of f(A) are singular. Thus there exists 
polynomials h(x) and k(x) such that h(A) f (A) + k(A)g(A) = I and since 
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f(A) = 0, it follows that k(A)g(A) = I. So g(A)-1 = K(A). Thus, 
(1 + A + C))r is a polynomial of A, if C is. Thus, D is a polynomial of -4, 
if C is. Starting with C = I, and the fact that u/3 is transitive on the lines thru 
(0, 0), we see that for every d E R, the corresponding matrix D is a 
polynomial of A. However, there are p’” - 1 such D # 0 and all are distinct 
and nonsingular. There are at most p” - 1 nonsingular polynomials of A so 
degf(x) = n and f(x) must be irreducible. Thus, A generates a field of 
order p”, and from this it follows R is a field and II is desarguesian. 
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